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AbsIrad-This paper is concerned with a superposition method of the analytical and the finite element
solutions in determining the stress intensity factors for the embedded circular and the semk:ircular surface
cracks in three-dimensional bodies. The analytical part in the solution is derived as the product of the
solution under the plane strain condition in the plane perpendicular to the crack front line and the power
series in the direction of the crack line. Although the total numbers of freedoms in the linal stiffness
equations are comparatively so small, the accuracies of the results obtained by the present method are
found satisfactory.

INTRODUCTION

The importance of knowledge of the surface cracks in plates and shells is well recognized in
assessing the integrity of the structural components based on the fracture mechanics. Never
theless, no exact solution is available for this problem because of mathematical intractability.
Because of this. several attempts have been made to obtain approximate solutions using
semi-analytical procedures[1-5]. There are some limitations to apply these techniques to
complex configurations and loads because of the nature of the procedure. As for the numerical
methods, the finite element method has proved to be a very useful tool for ~olving various
problems not only in the two-dimensional fracture mechanics but in the complex three
dimensional cases including the surface crack. Unfortunately, the finite element method still has
a disadvantage with regard to computing costs as a very fine mesh is used around the crack tip
or the crack front line. The cost problem is serious especially in the three-dimensional cases.
Several techniques have been reported to overcome this difficulty in the finite element crack
analyses and complete surveys are given in[6-8]. Among others, Rashid and Gilman[9], Hellen
and Blackburn[IO], Broekhoven[ll] and Aamods and Klem[12] have utilized the finite element
techniques combined with the energy release rates methods in obtaining the stress intensity
factors for the surface cracks. Pian and Moriya[13], Hilton et al.[l4] and Atluri and
Kathiresan[l5] have solved the same problem by using the enriched crack front elements,
respectively. Yagawa et al.[16] have employed the discretization error technique of the finite
element method in solving the same problem.

The present authors have proposed a superposition method, in which the nodal displace
ments of the conventional finite element method together with the unknown constants of the
analytical solution, are determined in the variational principle. The method has been success
fully applied to the two-dimensional as well as the plate bending problems in the fracture
mechanics[17,18]. The purpose of the present study is to show the applicability of the
superposition method to the determination of the stress intensity factor of the three-dimen
sional body with a surface crack.

THEORETICAL BACKGROUND

The superposition method
We consider the three-dimensional body V, where the body is, tentatively, split into two

parts ~O) and ~I) which are assumed to be contiguous on s<'lll (Fig. I). The potential energy

S8S



586 G. YAGAWA and T. NISHIOKA

Fig. 1. Cracked body split fictitiously into two parts.

functional in this case can be modified as follows [19]

(1)

where the continuity conditions on 5"01) are incorporated. Here, CTijo Eij and Ui are slrc:sses,
strains and displacements, respectively. Ai are Lagrange multipliers defined on 5"0Il. Su is the
part of the surface S of the body V in which the prescribed traction 1; is given. ( )la), a = 0and
I, denote the variables corresponding to ~a), a = 0 and I, respectively.

Introducing the physical meaning of Ai in eqn (1), we have the alternative forms as follows

11'/1 = ±(! r CTlj) Elj) dV - J 1;la) u/a
) dS)

a-O 2)00' 5,,'0'

11'11/ = ±(! r CTI!') E~!') dV - J f'ia )u/a ) dS)
a-O 2)00. J J 5,,10'

-J (T,C°)(u,CO)- u.m)dS.
5'01' I I I

(2)

(3)

In this paper, eqn (3) is adopted as the variational principle.
Next, we show the superposition method based on the finite element model and the

analytical solution for augmentation. The displacements ulO) and u/ Il in this method can be
written as follows

in ~O)

in ~Il

(4)

(5)

where u/O) and uP) are the usual finite element displacements which are, respectively, written as

a =Oand 1 (6)

Here, Nim are the interpolation functions and the nodal displacements d m
lO

) and dm(l) in ~O) and
y(l), respectively, are defined independently on 5'01). On the other hand, Ui in eqn (5) are the
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analytical solutions which can be written as

Uj =Q;mdm.

Here, Qim are the shape functions and dm are the generalized coordinates.
The stresses and the strains are calculated from the usual relations

O'~j) = l),jkl£~), a = 0 and I

"la) = !(u(a) + u(a» a = 0 and I
kJ 2',j /."

where l),jId are the elastic modulus tensors.
The traction forces n°) are obtained from the relation
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(7)

(8)

(9)

(10)

(II)

where nfOl are the unit normals on ,sI0I) drawn outwards from the domain VlO).
Introducing eqns (4) and (5) together with eqns (6) and (7) into eqns (8HIO) and expressing

eqn (3) as a function of the. nodal displacements dm
lal

, a =0 and I, and the generalized
coordinates dm leads, with the variation of eqn (3), to the following matrix equation

[
KlOO

) Klol) KIM)] \dIO){ }plOl)K(l1) KI1A) d(l) = pll)
sym. KIAA) a p

from which the nodal displacements of the finite elements and the generalized coordinates of
the analytical solutions are directly obtained. The details of eqn (II) are given in the Appendix.

Analytical solutions for circular crack
Figure 2 shows the circular crack and its coordinates. The crack is located in the x - y plane

with 0 being the crack center and z-axis is perpendicular to the crack surface. S denotes the
length along the crack front line measured from the y-axis. The polar coordinates (p, tp) are
defined the x - y plane as

p =V(x2+ y2)

tp = tan-I (y/x).

In addition, the polar coordinates (r, 8) are defined in the p - z plane as

r =Veep - a)2+ Z2)

8 =tan-I (z/(p - Po»
where a is the radius of crack.

z

~---------1I--y

p

Fig. 2. Circular crack and its coordinates.

(l2a)

(l2b)

(l3a)

(l3b)
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It is well known that the plane strain condition holds in the p - z plane when r tends to zero.
This is violated if the crack front line approaches the free surface. In this paper, however, we
consider that the solutions based on the plane strain condition can be applied even near the
cross point of the crack line and the free surface since the special region where the plane strain
condition is unvalidated is limited to very small part of the crack and can be disregarded from
the practical point of view [20].

From the above consideration, the analytical displacements can be written as follows

Up =f(s)up(~ 8)

Uz= f(s)uz(r, 8)

u~ =g(s)u~(~8)

where the functions f(s) and g(s) are approximated using the power series as

M.-I

f(s)= ~ a",s'"
",-0

M,-I

g(s)= ~ b",s'"
",-0

(l4a)

(I4b)

(l4c)

(l5a)

(l5b)

where a", and b"" m = 0, 1, ... , are the unknown parameters and M. denotes the number of
terms employed in the series.

On the other hand, the functions up(r, 8), uz(r, 9) and u~(r, 8) in eqns (14) can be written as
follows [21]

where

~p(r, 9) = upl(r, 9) +upll(r, 8)

uz(r, 8) =uzl(r, 8) +uZII(r, 9)

u.(r, 8) = u~lI1(r, 8)

M-I. /
• ( ll)_ ~ v(2a) 1I+(112)h ( II )Upl r, 11 - 4J 80 Clllr pi n, 11, /I

11-0

M-I./
.1 ( 8)- ~ v (2a) 1I+(1/2)h ( II )
"z1 r, - 4J 80 Clllr zl n, 11, /I

11-0

M-I. /
• ( ll) _ ~ v (2a) 1I+(1/2)h ( II )Upll r, 11 - 4J 80 Cllllr pll n, 11, /I

11-0

M-I./
.1 ( )_ ~ v(2a) 1I+(112)h ( II )
"zll r, 8 - 4J 80 CII"r zll n, 11, /I

11-0

M -I. /
• (R ll) ~ v (2a) ,,+1II2)h ( II )U.m ,11 = 4J -80Cmll r ~III n, 11, /I •,,-0

(l6a)

(l6b)

(l6c)

(l7a)

(l7b)

(l7c)

(l7d)

(l7e)

Here, hpl(n, 6, /I),' •• are appropriate functions of n, 8 and /I, 0 is the shear modulus, /I is the
Poisson's ratio, CIII, CII II , em", n = 0,1, ... , are unknown parameters and ( ).. ( )" and ( )111

correspond to the crack opening modes I, II and III, respectively. M, is the number of terms
employed in the series. In eqns (17), the terms of r", n =0,1,' .. , are not included because the
finite element displacements of the quadratic isoparametric elements can replace these terms
with enough accuracy.

The analytical strains in the cylindrical coordinates (p, <p, z) are given using eqns (14) as
follows

- =f()~€pp s up (18a)
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- /() auz
Ezz = S az
i = g'(s) U +/(s) U

!PfP P tp P p

i =/(S)(~+ auz)
pz 2 az ap

_ 1(/'(S). + ()aun g(S).)
E =- -u g s ---'--u

I"P 2 p P ap p P

- =!( ()~+/'(S).)
EzlP 2 g s az p Uz

/,(s) =d/(s) ds
ds dcp

'( ) _ dg(s)ds
g s - ds dcp'
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(1Sb)

(1Sc)

(1Sd)

(18e)

(1SO

(19a)

(19b)

Combining the unknown parameters in eqns (15) with those in eqns (17), we define the new
unknown parameters e'mn, eUmn and elllmn, m, n = 0, 1, ... , as follows

(2Oa)

(2Ob)

(2Oc)

m = 0,1,' .. ,(Ms -1)

n =0, 1,'" ,(M,-I).

Thus, the generalized coordinates in eqn (7) can be expressed in terms of eqns (20) as
follows

d= [eIOO, ellO, ... ,eI(M,-IIC), ••• , eUM,-I)(M,-lh

eUOc), elllO, ... , eUlM,-ljO, ••• , eUlM,-I)(M,-I),

tIUOCh eUIlO, ••• ,ellllM,-ljO, ••• ,ellllM,-I)(M,-I)Y (21)

As for the finite elements, we use the 2O-noded isoparametric elements[22], which are
suitable for the curved geometries such as the surface cracks. The superposition of the
analytical solutions on the finite elements is made in the orthogonal Cartesian coordinates
(x, y, z) after converting the coordinates of the finite elements from the cylindrical ones to the
orthogonal Cartesian ones.

Following the above procedure, the stiffness matrix and the load vector in eqn (11) are
determined as usual. Solving this equation for d, we Clln obtain the stress intensity factors as
follows

M,-I

K,(s) =V(1I'a) L elmOSm
maO
M,-I

Kuls ) =V(1I'a) L eUmOsm
maO
M,-I

KlIIls ) =V(1I'a) L elllmOS""
",-0

(22a)

(22b)

(22c)

RESULTS

Circular crack in round bar subject to tension
In order to show the validity of the present method, the analysis is made for a circular crack
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in round bar under uniform tension (10 at the ends (Fig. 3). The radius and the length of the bar
are, respectively, Rand 2L, and the radius of the crack is a. Although this problem can be
solved with the axisymmetric treatment, we employ rather the three-dimensional technique
mentioned above. From the symmetry of the structure, one eighth of the bar is analysed as
shown in Fig. 4, where the shaded region and the rest of the structure are, respectively,
corresponding to VOl and VlO). The total number of elements is 14 and that of nodal points is
159. Moreover, the numbers of terms in the analytical solutions M, and M. are 2 and I,
respectively. Figure 5 shows the normalized stress intensity factors versus the ratio aIR. It can
be seen from the figure that the present solution is favorably compared with the other solutions
in the two-dimensional regime [23, 24].

Semi-circular surface crack in block subject to tension
Next example is the analysis of the stress intensity factor for a block with a semi-circular

surface crack which is subject to uniform tensile stress (10 at the ends (Fig. 6). The width, the
length and the thickness of the block are 2l¥, 2L and H. respectively. The radius of the crack is a.
Figure 7shows the mesh subdivision for one quarter of the block takingadvantage of the symmetry
of the structure. As seen from the comparison between Figs. 4and 7, both mesh arrangements are
taken to be the same. The one of the number of terms in the analytical solutions M, is set to be 2, and
the other M. is parametrically changed from 2 to 5. Figure 8 shows the distributions of the
nondimensional stress intensity factors along the crack front line for the case of al W=0.5,
alH = 0.5 and U W = 3.0. As can be seen from the top of the figure which shows the error from the
results with M. =5, the discrepancies in the stress intensity factors with M. being greater than 3
from the value with M. being 5 are less than 1% throughout the crack frontline. Similarly, Fig. 9
shows the case of al W =0.2, alH =0.2 and U W =3.0. The difference of the solutions between
M. =4and 5in this case is less than 2%, andour results are compared in good agreement with those

i
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Fig. 3. Circular crack in round bar under uniform tension.
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Fig. 4. Mesh subdivision for one eighth of the bar with a crack.
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Fig. 6. Semi-circular surface crack in block under uniform tension.
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rig. 7. Mesh subdivision for one quarter of the block with a crack.
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O.S

1.0o O.S

S

Fig. 8. Distributions of the normalized stress intensity factors along the crack front line (al W= alH = 0.5.
UW = 3.0; M, = 2).

by Tracey [25] with the same geometry but LIW = 1.0 using the special crack tipelements, in which
the total numbers of isoparametric elements (S-node) and the nodal points are, respectively, 486
and 587.

Finally, it should be noted on the evaluations of K(lAI and K
CAAl which contain singularity at

the crack front line that the special integration technique is used in the p - z plane by applying
the least squares methods to the results obtained by the Legendre-Gauss quadrature, and the
usual 3 and 5 points Legendre-Gauss quadratures are used, respectively, in the ql-direction for
the circular crack in the round bar and the semi-circular surface crack in the block.

CONCLUSIONS

The superposition method of the analytical and the finite element solutions is applied to the
evaluations of the three-dimensional stress intensity factors for a circular crack in a bar and for
a semi-circular surface crack in a block both under uniform tensions. From the numerical
experiments given in this paper, we could conclude that the present method is accurate and
economical comparatively due to the small degree of freedoms in the final equation.

Concemina the singularity problem near the point where a crack front line intersects the
surface of a body[26], we have not considered this effect in our calculations although the
method has potential to treat the problem. According to the analysis of through wail crack[20l,
the stress intensity factor decreases rapidly near the surface and the relevant region is limited

SS Vol. 16. No. 7-8
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Fig. 9. Distributions of the normalized stress intensity factors along the crack front line (al W =alH =0.2: M, =2).

only to 0.5% of the plate thickness. This means that, at least practically, the effect could be
neglected in the calculation.
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APPENDIX

KlOOI = I. D.. N(O). N(O) dV- { D·· (N(OI N(O)
pq v'" ,jld ",. J ""./ Jsti" ojld ,p ""J

+N~.INI~')nloldS

KIOIl =i D/u..N(O) N(I)n(O) dS
pq s"'"'" ""./ '" J

K IOAI =i D.. N(O) Q ,,(0) dS
pq SCOIl (jld "".1 Iq J

KlIlI=I. D.. N(II N(I) dV
pq v'" ,jld ",./ "".1

K lIAI_I. 0. N(II Q dV
pq - VIII .j/rl ",./ ""./

K~AI=I. Djj/r/Qjp.iQlq,l dV
rill

p lOI = { flOW \01 dS
P JS,,(OJ I tp

plll= { f"W(lIdS
p Js.tIl' .,

plAI=1 flllQ. dS
Pill' " .

•Ii,;


